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Subject: Errata for AFOSR Document 1494, Part II
(Also General Electric TIS R62SD32)

To: Distribution List

On p II - 23 the top line should read:

In regard to the determination of S,, figures 5, 7, and 8 show that
2.2 was slightly better than 2.0 or 2.5.

Onp II - 23, the expression for Kd should read:

1
22_-1.7 113,260 cc
£ H = 4, X = [—————] % ——
(N2 NZ) Kd1 2.,210°°T exp ( T ) 25% T

The values of the vibrational relaxation time given in Table I p II - 36
were not reduced in the same fashion as Blackman's data. When the data
was reduced by the identical method shorter times were obtained which
agree quite well with his data. The following changes should be made in
Table I:

For run No. 2 the shock velocity should be 2.96 mm/usec.

The new relaxation times for 1 atmosphere of pressure in shock fixed
coordinates in U sec are respectively for run Nos. 1 through 5: 2.6, 12.1,
4.3, 2.7, and .2.

The inferred efficiencies of Ne and A in exciting N_ vibrationally remain
unchanged. All the N, - Ne interferograms showed two curvatures in the
relaxation zone inferring a slow vibrational relaxation prior to dissociation.
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GENERAL INTRODUCTION

During high altitude flight at hypsrsonic speeds, the shock wave
which forms upstream of an entry vehicle will have a finite thickness
which can be an appreciable portion of the shock detachment distance,
depanding on the geometry of the vehicle, the flight speed and the free
stream density. Further, due to the low ambient gas density, and the
consequent lower number of intermolecular collisions, there is insuf-
ficient time for the gas to reach a new state of thermochemical equi-
librium during the residence of the particles, and hence the gas flow
in the immediate vicinity of the vehicle is a non-equilibrium viscous flow,

In Earth's low altitude flight regime (below 150,000 ft.), in first
approximation, one can uncouple the fluid dynamic processes from the
chemical kinetics. Here, one first merely solves the well-known
algebraic relationships for the conservation of mass, momentum and
energy (Rankine-Hugoniot equations) and then proceeds to calculate
the rate of change of gas composition, temperature, deusity and pressure
by simply integrating a set of chemical kinetic equations.

However, in the regime of interest such a procedure is not meaning-
ful since one is dealing with coupled physicochemical phenomena. In
particular, the available kinetic energy of the molecules is redistributed
among many different internal modes of energy storage which absorb energy

at different rates, but nevertheless in parallel processes and not in series,




The theoretical approach to this problem therefore requires the
formulation and numerical solution of the coupled conservation laws,
suitable for the description of non-equilibrium chemically reacting fluid
flow in which large gradients of velocity, temperature and pressure are
present. This type of theoretical model requires the inclusion of
molecular transport processes, relaxation phenomena and chemical
kinetics. In order to accomplish this task, one must have a knowledge
of the various physicochemical quantities which appear as variable
coefficients in the governing differential equations.

The experimental approach consists of the development of a shock
tube facility in which accurate relaxation rate data and chemical kinetic
data may be obtained. These data can then be utilized to supplement and
verify the macroscopic predictions of the theoretical investigation,

The following two sections contain the results of Phase I of a
theoretical and experimental study of shock wave structure in a relaxing,
dissociating diatomic gas. The theoretical study was carried out by
Scala and Talbot, and appears as Part I. The experimental investigation
was carried out by Cary and appears as Fart II,

It should be notea that the theory is quite general and applies to an
arbitrary diatomic gas, while the experiments were performed utilizing
molecular nitrogen, one of the primary constituents of Earth's atmosphere

and the Martian and Venusian atmospheres.
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ABSTRACT

In an earlier paper (Ref, 1). the authors analyzed the structure of a
shock wave in a gas having a long relaxation time for its internal molecular
(rotational) degrees of freedom. This analysis has now been extended to
the case of a diatomic gashaving two relaxation effects, one for the
rotational and one for the vibrational degrees of freedom. Departures
from thermodynamic equilibrium within the shock wave were studied for
two values of the Mach number, M = 4.6 and M = 10, The number of
intermolecular collisions required for adjustment of the rotational degrees
of freedom was kept fixed, but the number of collisioas required for
vibrational adjustment was varied parametrically from 300 to 2000,

The relaxation model chosen to supplement the Navier-Stokes
equations was a generalization of that used in reference 1, namely, both
the rotational and vibrational temperatures Ty and T, change through the
shock wave at a rate which is proportional to the difference between them-
selves and the other two temperatures, and inversely proportional to the
number of intermolecular collisions. In this model, there is direct
coupling between Ty and T, as well as indirect coupling through the
translational temperature T;.

The calculations provide a more realistic estimate for the distribution
of translational temperature T¢ through a normal shock wave than is obtained

with the neglect of relaxation phenomena., Accurate estimates of Ty are of




importance in determining the onset and initial rates of chemical reactioas
in strong shocks.

The calculations also give a more realistic value of the effective
thickness of the shock transition. This information is of importance in
the problem of the merging of the shock wave with the shock layer at the

nose of a blunt body in high altitude hyparsonic flow,




INTRODUCTION

The shock wave structure problem has been of interest to aero-
dynamicists for many years, and this interest has been heightened
recently with the advent of hypersonic flight. A considerable body of
theoretical and experimental work therefore exists which has been
reviewed recently by Sherman and Talbot (Ref. 2), Talbot (Ref. 3) and
Losev and Osipov (Ref. 4). The bulk of the work is confined, however,
to the study of shock wave structure in non-reacting monatomic gases
which therefore gives little insight into the problem of the shock structure
in a real gas at hypersonic speeds.

In a diatomic gas, one must consider the contributions of the
internal degrees of freedom (e. g. rotational, vibrational) as well as
translational in studying the approach to thermal equilibrium through
a shock wave, Further, the effects of finite chemical kinetics (d_i-;sociation
and ionization) which begin to appear at the Mach numbers associated with
hypersonic flight are coupled with the other physicochemical processes,
and thus the problem requires the simultaneous solution of the coupled
fluid dynamic and chemical kinetic equations. This is particularly true
at the highest flight speeds (highest non-equilibrium temperatures) where
the relaxation times for the internal processes and the chemical processes
are comparable,

The earliest theoretical studies of shock waves were carried out




for a non-reacting perfect fluid, utilizing the Navier-Stokes equations., For
example, Rankine (Ref. 5) solved the problem for the case of zero viscosity
and constant thermal conductivity., The classical Navier-Stokes treatment
is due to Becker (Ref, 6) who obtained a solution when the viscosity and
thermal conductivity were assumed independent of the gas temperature.
Later, Thomas (Ref, 7) extended the work of Becker and showed that if
the viscosity of the gas is proportional to the square root of the absolute
temperature, then a strong shock wave solution results in a non-vanishing
shock thicknzss,

Recently, Grad (Ref. 8) and Gilbarg and Paolucci (Ref. 9) obtained
solutions for the Navier-Stokes equations utilizing more realistic values
of the specific heats ratio and the Prandtl number, where the viscosity
was assumed to follow a power law dependence on the absolute temperature,
Their results, when compared with available experimental data, showed
the importance of selecting correct transport coefficients in calculating
shock wave thickness and have given greater credence to the Navier-
Stokes model for shock wave structure, at least for weak shocks.

With regard to internal relaxation phenomena associated with the
internal degrees of freedom of the molecules, there is the early work
of Bethe and Teller (Ref. 10), Broer (Ref. 11) and Lighthill (Ref. 12) in
which, however, the shock transition is considered to occur in two

distinct steps.

I-2




More recently, studies have been published on relaxing shock waves
in which the relaxation phenomena is taken into coasideration throughout
the entire shock transition, The work of Broer and van der Bergen (Ref.
13) is valid only for very weak shocks, however, the treatment of Talbot
and Scala (Ref. 1) based on the Navier-Stokes equations and an auxilliary
relaxation equation seems to be phenomenologically correct for strong
shock waves,

In reference 1, the authors analyzed the structure of a shock wave
in a diatomic gas in which the rotational degrees of frecedom were assumed
to adjust more slowly than the translational degrees of freedom, and the
vibrational degrees of freedom were unexcited. The problem was treated
according to both the bulk viscosity and the relaxation equation points of
view, It was shown that thg bulk viscosity model was liinited to such
small v‘alues of the relaxation time as to preclude its application to most
cases of interest, whereas the relaxation equation model yields results
which seem reasonable for the full range of relaxation times and Mach
numbers treatef:l, 0< N<C100and1 < M <10,

In the present paper, the analysis has been extended to the case
“of a diatomic gas having two relaxation effects, one for the rotational
and one for the vibrational degrees of freedom. Departures from thermo-
dynamic equilibrium within the shock wave were studied for two values

of Mach number, M = 4,6 and 10, The number of intermolecular
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collisions required for adjustment of the rotational degrees of freedom
was kept fixed, but the number of collisions required for vibrational
equilibration was varied parametrically from 300 to 2000 in order to
study the coupling between the translational, rotational and vibrational
temperatures.

For the sake of generality, the fundamental equations
have been derived for the one-dimensional flow of a dissociating
diatomic gas having rotational and vibrational relaxation. In the
present work, however, solutions including finite dissociation rates

were not investigated.
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NOMENCLATURE

a, b, ¢, d, e constants

C dimensionless specific heat at constant
volume

I mean molecular speed

CA mass fraction of atomic species

CV specific heat at constant volume

binary diffusion coefficient

ij

DiT thermal diffusion coefficient of species i
e internal energy

Aefio energy of formation

h enthalpy, including chemical

A hfio . heat of formation

J diffusion flux
—

Kr thermal diffusion ratio

L mean free path




—

reference length based on viscosity

integration constant in continuity equation

molecular weight of species i

mean molecular weight

number of intermolecular collisions

static pressure

integration constant in momeritum equation

integration constant in energy equation

dimensionless density

universal gas constant

gas constant of species i

temperature

velocity

diffusion velocity

chemical source term

total molar density
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x physical spatial variable

y dimensionless spatial variable

y integration constant in diffusion equation
a, B, 7, 8, ¢ constants

K bulk viscosity coefficient

A thermal conductivity

u viscosity

p density

6 dimensionless group

. dimensionless translational temperature
¢ dimensionless rotational temperature

¥ dimensionless vibrational temperature
c dimensionless pressure

Subsc riets

A atoms
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i species i

M molecules

T rotational

t translational

v vibrational

- o upstream

n mode of energy storage
+ 0 downstream

Sueerscrigts

* reference state
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BASIC EQUATIONS

It is assumed that the total thermal energy of the gas is composed
of translational, rotational and vibrational modes, and hence upon char-
acterizing these different modes by temperatures T, T, and T,, and specific

heats Cvt, C, and C the internal energy of the gas is

\4 v’
r \4

e=2C. e,; de, = 2C dT, (1)
i1 i n v, i
i n

in which case the ordinary specific heat at constant volume is:
cC =C + C
V. v, * CV. V. (2)
i i i i
t r v
For convenience it is assumed that all specific heats are constant.
For steady, one-dimensional flow, the following conservation laws

apply. The conservation of mass is given by:

d

—_ =0 3
o= (e w) (3)
which upon integration becomes:

pu=m {a constant) ‘ (4)

The conservation/ of momentum is given by:

pudu=-dp+rd [(4pu+ x)du (5)
dx dx dx 3 dx

which when integrated becomes:

mu+p-(4 4tk )du=P { a constant) {6)
3 dx

The conscrvation of species i is given by:

A (puCy+j) = w, (7
dx
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which when integrated becomes:

mC; + j; - d,= 2 ( a constant) (8)
where:
d 3 i T Widx (9

and the one-dimensional diffusion fiux vector for a binary mixture may be

written (Ref. 14):

. dC ™
_]—-Po@i% 1+ MM [(M-M-)C.dl
J — = Ao L
dx N2 M; '
+ KT_ﬂ In T[] g (10)

where the thermal diffusion ratio is given by (Ref. 15) :

fr 7 - D; " (n

The energy cquation may be written:

puﬂ=_d_()&td_'1‘t+ ArdT+deT,)
dx  dx dx dx dx
-1(Zjihi)+(i/l+*)(g)2 (12)
dx i 3 dx

T
+udp + d [m > > nby (vj-vi)]
dx dx . =T
n i j#i Mi'eij

Upon introducing the momentum equation (5) and integrating. this becomes:

2
2mh + mu - 2 )\[ dT[ - 2A " dTr - 2A v daT,,

dx dx dx

+ZZjihi -2u(4 u+ kK ) du
i 3 dx (13)

RT ZZ n D V v, )
T ( - = {(a constant)

n i _)fl




The thermal conductivities A, A [ and A , corresponding to the

transport of translational, rotational and vibrational modes of energy
are evaluated according to the method of Eucken, (See Ref. 15).
For a binary mixture of atoms and molecules, the Dufour term

may be expanded to yield:

- 2 RT, ZZnDT(v - V) = 2pK_J

i
j T°A (1)
ijfi 1]§1_] A (l-CA). .
Noting that the enthalpy may be written:

h=e+_p_ (15)
P

and that the internal energy of the i th species is given by:
N o
fc"i dT; + Aefi (16)
o
The energy equation becomes:

2Zm (Cv Tt +C T+ C, T,) + 2pu

, v
Mt M. M,

2
+ mu _thth_ZArdTr-Zl\vdTv

dx dx dx

-2u(iﬂ+x)_dl+2mc Ah
3 dx ‘a

+ 2mC (C - C ) T, - C
A [ VA VM, ot VM

\
Mt Mr

+ 2, [(cV +Ry-C, =-Ry)T,-C_ T,
A

pKT
o]
- A ——(— =

A%




The thermodynamic pressure is identified with the translational
temperature and hence the equation of state may be written:
p=#P _RTt (18)
or equivalently:

= PR
P M+ CA Ty (19)

The relaxation equations, following Wang Chang and Uhlenbeck,
(Ref. 16), but extending the concept to a three-temperature model. may

be put into a symmetric form (Refs. 17 and 18) which may be written:

udT_= T, - T, + T,-T, (20)
o Brl 3r2

udTv = Tt - Tv + Tr - Tv (21)
dx BVI sz

where the relaxation time B may be related to the mean free path L,

the mean molecular speed C and to the number of intermolecular collisions

for relaxation N through

B=NL = m Nu (22)
C 4 )

Also, in the derivation of the equations, it has been assumed throughout
that the temperature of the atoms is equal to the translational temperature

of the molecules.
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SOLUTION OF GOVERNING EQUATIONS

Equations A, 7 through A. 12 given in the Appendix were
integrated numerically in phase space by means of an electronic analog
computer for two values of the Mach number, 4. 6 and 10. In order
to examine the coupling between the three temperatures, T, ¢ and ¥,
the number of collisions required for vibrational excitation was varied
in several steps between 300 and 2000 intermolecular collisions. The
results of the phase space integrations are suown in Figures 1 through 6.

It is seen that with the form of relaxation equations given
in equations A. 12, the rotational temperature starts to rise almost imme-
diately as the translational temperature rises, however, at a slower rate
of excitation. The rotational temperature ¢ very closely approaches
the translational temperature r but never exceeds it which is a satisfactory
phenomenological result. The vibrational temperature ¥ lags furthest
behind and its effect is felt at about the same time both the rotational and
translational temperature go through a maximum. For the smallest
number of collisions considered (er = 300),)y actually starts rising before
the rotational temperature reaches a maximum.

In general, then, one observes that r and ¢ are strongly
coupled while the coupling between ¥ and both r and ¢ is weaker.

The slower rise in the vibrational temperature acts to produce a relaxation
"tail" in both the translational and rotational temperatures which overshoot

their final equilibrium values. On the other hand, Y behaves in a




monotonic fashion for all values of er in a range between 300 and 2000
collisions.

Although an increase in Mach number acts to change the
downstream boundary conditions relative to the upstream boundary
conditions, qualitatively, it was found that there is no significant
change in the structure of a normal shock in the range of Mach numbers
between 4. 6 and 10. The numerical solutions shown in Figures |
through 6 were transformed back into the spatial plane by quadrature
by means of an IBM 7090 digital computer. In the spatial plane, the
center of the coordinate system, y = 0, was arbitrarily selected to
coincide with that point within the shock wave at which the velocity
takes on its average value, i.e., v = 1/2 (v_g + V,e). Hereitis seen
that although the thermodynamic pressure is associated with the
translational temperature, neither the pressure @ nor the density r
exhibit the overshoot that the translational temperature exhibits. That
s, with the exception of r and ¢ all physical variables exhibit a monotonic
behavior for the full range of conditions considered here (see Figures 7
through 12). In obtaining these solutions it has been assumed that

dissociation does not occur.
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One nominal measure of shock thickness is based on the maximum
slope of one of the physical variables. That is, for a given proparty f
(which may be taken conveniently as T, b, ¢, v, ¢ or r), the maximun

slopz thickness may be expressed in nondimensional form as

al 1.minl

Ay - l_fmax
(f) | (df/dy) max |

The maximum and minimum values of the vibrational tempsrature, gas
velocity, pressure and dzansity, (i.e. ¢, v, 6 and r) occur aty o,
however, the maximum valuzs of the translational and rotational tempera-
tures (i.e. T and @) will usually occur at some intermediate location,
(unless all of the relaxation times arc assumed to b2 identically zero).
The term l (df/dy)yyax | represents the absolute value of the maximum
gradient of {, regardless of where within the shozk wave it occurs.

Figs. 13 and 14 show that the maximum slop thicknesses based on 1,
é, v, 0 and r are essentially ind2p2ndent of Ny . for a given Mach number
and N, whercas{Ay)y increases directly and almost linearly with Ny, .
Since Ny was held fixed while Ny, was varied parametrically, it is not
surprising that(Ay) ¢ behaves differently for the three-temperature model
treated here than in the two tempzarature model treated earlier in reference
1. That is, it is found here that in spite of the direct coupling between the

rotational and vibrational tempezratures in the two relaxation equatioas, "]




primarily follows r and goes through a maximum. Thus, the primary
effect of an increase in N, is to increase the maximum-slope thickness
based on ¥, and to simultaneously add a long relaxatioa "'tail" to r and
¢, which cannot appreciably affect the value of (Ay)$ .

In order to obtain an appreciation of the implications of these new
results upon the thickness of a shock wave in Earth's atmosphere, the
values of the dimensionless shock thickness (Ay)¢ shown in Figure 13 were
transformed into the physical thicknesses (A.\')¢ shown in Table II. Simulated
initial conditions corresponding to a range of altitudes between 200,000 and
400,000 ft, were utilized, and it was found that at a Mach number of 10,
and N, = 2000 collisions, the thickness of the shock wave corresponding
to equilibration of the translational, rotational and vibrational degrees of

freedom varied by five orders of magnitude, i.e. 10-3 < (AX)¢ < lOth.




CONCLUSIONS

A new theoretical model for shock wave structure in a diatomic gas
with rotational and vibrational excitation was developed here, and numerical
integrations have been cax.'ried out employing high sp=ed electronic computing
equipment. The model which is based on the use of symmetric relaxation
equations yields results which seem reasonable for the full range of
relaxation times and Mach numbers treated,

More realistic estimates are provided for the distribution of trans-
lational temperature through a normal shock wave than would have been
obtained with the neglect of relaxation phenomena. These results will be
of use in further theoretical studies of the rates of chemical reactions (e. g.
thermal dissociation) in strong shocks.

The new calculations give more realistic values for the effective
thickness of the shock transition, which will yield better criteria for the
determination of the condition of ""viscous merging' at the nose of a blunt
body in high altitude hypersonic flow, Examination of the concept of
nominal shock wave thickness according to the symmetric relaxation
model shows that values based on the maximum gradients of velocity,
pressure, density, translational temperature and rotational temperature
are relatively insensitive to the magnitude of the vibrational relaxation time,
whereas the thickness which is based on the maximum gradient of the

vibrational temperature is directly proportional to the number of intermolecular




collisions required for vibrational equilibration.

It can also be inferred from thzse calculations that in the initial
steep part of the shock wave, direct coupling between T{ and Ty, is not
of importance, and that in general these coupling effects affect the
temperature distribution only in the relaxaiion ''tail'', at least in the
range of parameters and flow conditions investigated. The coupling
between T, and T,, is not as strong as between Ty and Ty, but does exist

and dzpends critically on the magnitude of Ny, .




APPENDIX

We will now derive the non-dimensional form of the governing

equations. Following Grad (Ref. 8 ), we introduce the following dimen-

sionless variables

mu Pp
v o= H r =
P mZ
m-Ry(T
r = LA ; g :——p
p? P
m R y\(T, = mQ
¢ = 2 N a = 2
P P
2
m RMT\?
¥ =
p

Let us introduce the transport lengths

Hu
L/‘ = =
) m‘bAM
Ly =
A
Ly, = £
mRyg

(A. 1)

(A.2)




A
L, = L
mRM
Av
Lv = 1Ry, .

Now, let us put the transport property equations in the form:

ko= ;,\(Tt)‘Jl
°0AM - b(t P /p
A, = (1) (A. 3)
A = a(ty®
A, = e(Ty¢

where a, b, ¢, d, e, a, B, VY, & and ¢ are assumed to be constants
and the a in the exponent of the viscosity law is not to be confused with
the a appearing in equation A. 1,

Upon selecting a reference temperature Tt*, we can introduce

the non-dimensional spatial variable:
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g 52l o3 (A. 4)
Ly
where
sk mZRMTt*
4 Ed
pZ
(A.5)
s B “:::
L” = -ar-

so that in terms of

the new variables the governing equations become for

the case of difficult energy exchange with k = 0
mass:
rv = 1 (A. 6)
momentum:
4 a dv 2 (A.7)
'—3- [ 4 v'a;’- ve + r(l + CA) -V
SpEaIcs.
JA $) -m(Cy -Cp_ ) (A, 8)
where
-1 ~
: 0 (B-nr dCp  Call -CaA) | 44
JA = -m 4 —— —— ———————— —— ——
D 1+ Cy dy 2 0 dy
1+ CA Kt 5
4 o S (A.9)
2 L4 dy
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and

T, - f WA _L_{_f__a_ dy (A, 10)
(r™)
L!ll(:l'yx:

dr d d
Otryry + Orrs_d_;t 4 0r€—¢—

; K {1 + C,)
A fcir-cpmé -Cm ¥ tAH (L -___.A_)f]
m 5 Vi CA(I-CA)

v a
+ CMtr + CMrd> + CMVJJ + v -5t - = (A.11)

The non-dimensional form of the relaxation equations is

(1-a),. i
2 d¢ 4r (17CA ) r_o ¢-¢]
ve = B N el I R L
dy a | N,y N“p
(A.12)
(1-a) [
PR IR PR Y
dy w Ler Nv4>
In the above equatioas,
2
At 11‘.2_Ahf © (A.13)
. A
C, - C\“l (S
C =t il C S o
1 ! M
Ryt r Rm
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The dimensionless ratios 6., 6,, 6, and 6  are defined by:

D

%* %
6, - _111. ; 0. = Ly

X e r - X, -

Lg (e*)-¢ L (r*P-e
(A.14)

sk sk £
9 - v . e - B o
v Lﬂ.l‘(rng-a ! b Lﬂ ol (r"‘ﬁ-a

It may readily be verified that the ratios 6y, 0. and 6, have the
behavior of reciprocal Prandtl numbers, whereas, Ob has the behavior
of the reciprocal of the Schmidt number,

The boundary conditions corresponding to the Rankine-Hugoniot

jump relations in non-dimensional form may be obtained by setting all

the derivatives with respect to y equal to zero in equations (A, 7) through

(A, 12),
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TABLE I, CONSTANTS

o (exponent)

B (exponent)

a (M= 4.6)

& (M= 10)

Y:B:(:l/z

3/2

5.303

1.172

1.172

3/2

1

1

10

100

300, 500, 2000

4000

1.238

1.054
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